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Abstract 

It is shown in this note that non-central Stirling numbers s(n,k,a) 
of the first kind naturally appear in the expansion of derivatives of the 
function x~ a ln 13 x, where a and (3 are arbitrary real numbers. We first 
obtain a recurrence relation for these numbers, and then, using Leibnitz 
rule we obtain an explicit formula for them. We also obtain a formula for 
s(n, 1, a) and then derive several combinatorial identities related to these 
numbers. 

1 Introduction 

We are dealing here with a special kind of numbers introduced by D. S. Mitri- 
novic in his note [4] . In the paper [5] tables are given for the numbers which we 
called non-central Stirling numbers of the first kind. Following [3], they will be 
denoted by s(n, k, a). Several other names are in use for these numbers. One of 
them is r-Stirling numbers, as in [1]. The definition in this paper is restricted 
to the case when a is an nonnegative integer, and a < n. L. Carlitz [2] used the 
name: weighted Stirling numbers. In the well known encyclopedia [6] they are 
called the generalized Stirling numbers. Here we use the name and the notation 
from the book [3]. For instance, (a) n = ot{a — 1) ■ • ■ (a — n + 1) are falling 
factorials, and s(n, k) are Stirling numbers of the first kind. 

2 Derivatives of i" a ln' 5 x. 

We shall investigate derivatives of the function 

f(x) = x- a In 13 x, (a, (3 (EM.), 
obtaining them in two different way. 

Theorem 1. Let a be real, and n nonnegative integer. Then 

n 

/<">(*) =x- a - n J2 s (ihha)min' 3 - l x. (1) 

i=0 

where s(n,i,a), (0 < i < n) are polynomials of a with integer coefficients. 



Proof. The assertion is true for n = if we take s(0, 0, a) = 1. 
Taking 

s(l,0,a) = —a, s(l, l,a) = l, 

we see that the assertion is true for n = 1. 

Suppose that the assertion is true for n > 1. 
Taking derivative in ([1]) we obtain 



(a) = (-a-n)a;- o, - n - :l 5^a(n,i,a)09)<ln fl - < a;+ 

i=0 

n-1 

+a .-a-n-l ^ s(nj ^ Q )(/3) i+1 Jn/S-i-1 x = 
i=0 

n n 

(—a — n) s(n, i, a){0)i In' 3-1 x + s(n, i, a)(/3)i+x In* 3- ' -1 

i=0 i=0 

Replacing i + 1 by i in the second sum we obtain 

i n+1 



X 



-a—n—1 



X. 



f {n+1) (x) =x 



-a—n—1 



^^(— a — n)s(n, i, + s(n, i — 1, a)((3)i In' 3 4 a; 



i=0 i=l 
= x^-^a - n)s(n,0,a)+ 

n 

n l ^] \ (~ a ~ ri)s(n, z, a) + s(n, % — 1, a) In' 3-7 a: 



+s(n, n, a) (/?) n +i In* 3 n 1 x. 
It follows that the assertion is true if we take 

s(n + 1, 0, a) = (—a — n)s(n, 0, a), 

s(n + 1, i, a) — (—a — n)s(n, i, a) + s(n, i — 1, a), (« = 1, . . . , n), (2) 

s(n + 1, n + 1, a) = s(n, n, a). 

The preceding equation are well-known recurrence relations for non-central 
Stirling numbers of the first kind [3, pp.316]. 

Note 1. It is obvious that s(n,i,0) = s(n,i)) are Stirling numbers of the first 
kind. 

Since p(0, 0, a) = 1, for from n = 1,2,... from the first equation in {2j we 
obtain: 

p(n,0,a) = (-«)„, 
and, since p(l, 1, a) = 1, from the last equation in @ follows: 



p(n, n, a) = 1, (n = 0, 1,2,.. .). 
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By the use of Leibnitz formula we shall obtain an explicit expression for 
s(n,k,a). The following equation holds: 

/ (n) W=E(")(^) (fe) (ln^)("- fc ). (3) 
fc=0 ^ ' 

First we have 

{x- a ) ik) = (-a) k x a ~ k . 
Using induction it is easy to prove that: 

n 

[f(lnx)] {n) = x~ n S K k )f {k) (t), {t = Inx). 
fc=i 

Taking particulary f(t) = t° we obtain: 

n—k 

(In 13 xf n -V = x-' n+k s ( n - k ; l )(Ph In 73 " 1 X. 
Replacing these in (J3j) we have the following. 

Theorem 2. Let a ^ be real, and n, i, (i < n) be nonnegative integers. Then 



71— I 

' n 



k=0 



s(n, i, a) = I 1 (-a)fcs(n - fc, i). (4) 



Note 2. Theorem is true even in the case a = if we additionally define 
(0)o = 1- 

3 Some combinatorial identities 

Taking i = 1 in ^ we obtain the following: 

Corollary 1. Let a be a real number, and n be a positive integer. Then 
s(n,l,a) = S^Ti-lY-^tll. 

k=0 

For s(n, 1, a) we have the following recurrence relation: 
s(l, 1, a) = 1, s(n, 1, a) = (-a -n+ l)s(n - 1, 1, a) + (-a)„_i, (n > 2). (5) 
Particulary, we have s (2, 1, a) = —2a — 1. 

We shall now prove that polynomials r(n, 1, a), (?i = 1,2,...) defined by: 



in, 1, a) = J2( k + !) s ( n ' fc + !)(-«)*. 
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satisfy the above recurrence relation. For n — 1 it is obviously true. 

Using two terms recurrence relations for Stirling numbers of the first kind 
we obtain: 



n-1 



r(n, 1, a) = ^{k + l)[s(n - 1, k) - (n - l)s(n - 1, k + l)](-a)* = 

k=0 

n-1 n-2 

= J^(fc + l)s(n ~ 1, fc)(-a) fc - ( n - 1) + l)s(n - 1, k + l)(-a) k . 

k=0 k=0 

Since s(n — 1,0) = 0, by replacing fc + 1 instead of k in the first sum on the 
right we have: 

n-2 n-2 

r(n, -a) = ^(fc+2)s(n-l, fc+l)(-a) fe+1 -(n-l) ^(fc+l)s(n-l, fc+l)(-a) fe = 

k=0 k=0 

n-2 

= (-a -n+ l)r(n - 1, a) + ^ s(n - 1, fc + l)(-a) fc+1 . 
Furthermore, a well known property of Stirling numbers implies: 

n-2 n-1 

s(n - 1, fc + l)(-a) fc+1 = ^ s(n - 1, fc)(-a) fc = (-a)„-i- 

fc=0 fe=l 

We thus obtain that r(n, 1, a) satisfies ([3]). In this way we have proved the 
following identity: 

Theorem 3. Let a be a real number, and n > 1 be an integer. Then: 

n— 1 /— a\ n— 1 

nl J2(-l) k ±JU- = + !) S K k + 1)"*. ( 6 ) 

fc=0 fc=0 

where s(n, fc + 1) are unsigned Stirling numbers of the firs kind. 

Note 3. Theorem is true for a = wt/i i/ie convention that 0° = 1. 

Some particular values for a in ([6]) gives several interesting combinatorial 
identities. For a = — 1 we obtain an identity expressing factorials in terms of 
Stirling numbers of the first kind. 

Corollary 2. The following formula is true: 

n-1 

(-l) n (n - 2)! = J2(k + l)s(n, fc + 1), (n > 2). 

fc=0 

For a = 1 we obtain a formula for the sum of reciprocals of natural numbers. 
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Corollary 3. For each n = 1, 2, . . . we have: 

n-l 

ft , 



/ 1 1\ 
«! ! + - + ••• + - = ^(fc + l)s(>,fc+l). 



Consider now the case that a < is an integer and n > 1 — a. In this case 
the function 

q(n, 1, a) = (-l) n+a - 1 (-o;)!(n + a - 1)!, (n > 1 - a) 

satisfies the recurrence relation ([5]). In fact, in this case we have (— a)„_i = 0, 
since a factor in this product must be zero. Thus: 

(-a - n + l)g(n - 1, 1, a) = -(n + a - l)(-l)"""" 2 (-a)!(n + a - 2)! = 

= (-^"-"-^-aWn + a - 1)! = g(n, 1, a). 
We have thus obtained the following: 

Corollary 4. Le£ n, a be positive integers and n > a + 1. Then: 



n-fc U =^(n-c-l)!. 



In other wards, the following eguation holds: 



« - fc Ul) 



In the case that a is a negative integer and n < —a the identity ([6]) is closely 
related to the harmonic numbers. Namely, denote Hq = 0, H n — 53fe=i ( n = 
1,2,.. .), and define: 

(-a)\ 

h(n, 1, a) = (ff_ Q - i?_ Q _„)— i i— , (a = -1, -2, . . . ; n = 1, 2, . . . , -a). 

{—a — n)\ 

It will be shown that h(n, l,a) satisfies ([5]). We use the induction on n. For 
n = 1 we have: 

(-a - 1)! 

Furthermore we have: 

(-a)! 

(-a-n+l)/i(n-l, l,a)+(-a)„_i = 7 -(if_ a -iI_ Q ,_ n+ i)+(-a)„_i = 

(—a — raj! 

-An- a — H- a - n ) — — —— + (— a) n -l — 



(—a — n)\ (—a — n)l(— a — n + 1) 
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since -, [vr^ ttt = (— cOn-i- We thus obtain: 



(— a — n)\ 

( — a — — a — n+1) 

/z(n, 1, a) = (—a — n + — 1, 1, a) + (— a) rl _i, 

that is, h(n, 1, a) satisfies ([5]). We have thus proved the following. 
Corollary 5. Let a be a positive integer and 1 < n < a be integers. Then: 

H _ H y (-1)*^) 



71 

fc=0 



Equivalently: 



T,l=o s ( n > k ) ak 

In the case a = n we have the following expressions for harmonic numbers. 
Corollary 6. Let n be a positive integer. Then: 



n — k 

k=0 



and 



n— 1 

ff„ = V (fc + l)s(n, fc + l)n k . 
n' *■ — ' 



fc=0 
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